Mixing endomorphisms on toroidal groups and their countable products by Burke, John R. & Pinheiro, Leonardo
ar
X
iv
:1
60
6.
06
76
4v
1 
 [m
ath
.D
S]
  2
1 J
un
 20
16 Mixing endomorphisms on toroidal groups and
their countable products
John Burke, Leonardo Pinheiro
September 24, 2018
Abstract
We show that all non-trivial continuous endomorphisms of the cir-
cle group are topologically mixing. We also show that there exists a
large infinite class of continuous endomorphisms of any n-dimensional
torus group which are topologically mixing.
Lastly, we prove that any continuous endomorphism on an abelian
polish semigroup (with an identity) can be extended in a natural
way to a topologically mixing endomorphism on the countable infinite
product of said semigroup. This shows that every countable infinite
product of an abelian polish semigroup has a topologically mixing en-
domorphism and, in particular, the countable infinite toroidal group
has infinitely many topologically mixing endomorphisms.
1 Introduction
The theory of discrete dynamical systems is concerned with the the behavior
of the iterates of a continuous map on a (usually compact) metric space. The
most interesting and studied examples include maps that, in some sense, ‘mix’
the space. For a nice survey on the subject see the article by Kolyada and
Snoha [7].
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Formally, let X be a topological space, and let f be a continuous map from
X to X , write
fn(x) = f ◦ f ◦ · · · ◦ f︸ ︷︷ ︸
n−fold
to denote the nth iteration of the map f .
We say f is topologically transitive if given any two non-empty open sets U
and V of X there exists a natural number n such that fn(U) ∩ V 6= ∅.
A continuous map f : X → X is said to be topologically mixing (or just
mixing) if given any two non-empty open sets U and V of X there exists
a natural number N such that fn(U) ∩ V 6= ∅, whenever n > N . Not
surprisingly, mixing is a stronger condition than topological transitivity. The
irrational rotation of the circle is a topologically transitive map that is not
mixing.
It is important to note that the general theory of discrete dynamical systems
is usually not concerned with any underlying algebraic structure of the space
X . Operator theorists, on the other hand, are usually interested in the
dynamics of maps preserving the linear structure of the underlying space.
In this vein, we will study the dynamics of continuous endomorphisms on
topological groups.
In the setting of linear operators acting on a Fre´chet space, a very celebrated
result is the set of sufficient conditions for an operator to be mixing known
as the Hypercyclicity Criterion. The result first appeared in Kitai [3] and
was later independently rediscovered by Gethner and Shapiro [5]. Chan [2]
and Moothatu [6] independently proved that there is an analogous set of
sufficient conditions for a continuous epimorphism to be mixing in the setting
of topological groups. These conditions will be discussed in the following
section.
2 Main Results
In what follows G will denote a metric, complete, separable topological semi-
group with identity: a polish semigroup for short.
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Recall that for a semigroup G with the semigroup operation written as multi-
plication, an endomorphism is a map ϕ : G→ G such that ϕ(gh) = ϕ(g)ϕ(h)
for all g and h in G. When G in endowed with a topology compatible with
the semigroup structure, we can study the behavior under iteration of such
maps.
We introduce the following definition:
Definition 1 (Semigroup Mixing Criterion). Let G be a polish semigroup
with identity e. We say that a continuous endomorphism ϕ : G→ G satisfies
the Mixing Criterion if there exists dense sets F and H of G, and maps
ψn : F → F such that, for any f ∈ F and h ∈ H:
(i) ϕn(h)→ e as n→∞.
(ii) ψn(f)→ e as n→∞.
(iii) ϕnψn(f)→ f as n→∞.
Chan [2] and Moothatu [6] independently showed that if ϕ is a continuous
endomorphism on a polish semigroup satisfying the Mixing Criterion, then
ϕ is topologically mixing. Formally, we have.
Theorem 1 (Chan [2] and Moothatu [6]). Let G be a polish semigroup with
identity e and f : G → G a continuous endomorphism. If ϕ satisfies the
Semigroup Mixing Criterion then ϕ is mixing.
We now apply Theorem 1 to a particular family of maps on the complex
unit circle. We will denote by T the set of complex numbers of modulus one
endowed with the topology induce by the arclength metric, i.e, the distance
between two points in T is given by the length of the shortest arc joining them.
Complex multiplication is then compatible with this topology and we have
that T is a compact polish group. We will show that the homomorphisms of
the form f(z) = zn, where n ≥ 2, are weakly mixing. Indeed, we have:
Proposition 1. Fix n ∈ N such that n ≥ 2 and let f : T → T be given by
f(z) = zn, then f is mixing.
Proof. Notice that f(z) = zn is clearly a continuous endomorphim on T;
we will show that it is mixing by showing it satisfies the hypothesis of the
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Semigroup Mixing Criterion. First recall that every element z ∈ T can be
written uniquely as z = eiθ with 0 ≤ θ < 2π. Now, consider the set
F nk =
{
z ∈ T; zn
k
= 1
}
We claim that F n = ∪∞i=1F
n
i is dense in T.
Note that F ni is a set of n
i evenly spaced points on the unit circle. Thus,
F ni partitions the unit circle into n
i arcs of the same length. Also note that
F ni+1 contains the points in Fi and further subdivides each arc into n arcs of
the same length. Consider some fixed z ∈ T and an arbitrary ǫ > 0. We can
find i large enough so that the smallest distance between two points in F ni
is less than ǫ and thus the minimal distance between any element of T and
some element of F ni is less than ǫ. Thus at least one element of Fi ⊆ F must
be in the ǫ-ball around z.
Now, if we iterate the map f , we get that
f(z) = zn,
f 2(z) = f(f(z)) = (zn)n = zn
2
,
f 3(z) = f(f 2(z)) = (zn
2
)n = zn
3
...
f r(z) = zn
r
.
If z ∈ F n (thus z ∈ F nk for some k), then for largeN , f
N(z) = fN−n
k
(fn
k
(z)) =
fN−n
k
(1) = 1 so f r(z)→ 1 as r →∞.
Now, for each r ∈ N, define ψr : T → T by ψr(e
iθ) = ei
θ
nr . Observe that
ψr(z) → 1 as r → ∞ for all z ∈ T and that f
r(ψr(z)) = z for all z ∈ T.
Hence, f is mixing.
It is a well known result [4] that f(z) = zn where n ≥ 2 are the only
continuous endomorphisms of T. Thus, we have the following corollary.
Corollary 1. Every continuous epimorphism of T, except for the identity,
is mixing.
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We now consider the continuous epimorphisms of
∏k
i=1 T ≡ T
k. Since
Hom(G,H) distributes over direct sums, we know that all continuous epi-
morphisms f : Tn → Tn are of the form
f(z1, z2, · · · , zn) = (z
m1,1
1 z
m1,2
2 · · · z
m1,n
n , z
m2,1
1 z
m2,2
2 · · · z
m2,n
n , · · · , z
mn,1
1 z
mn,2
2 · · · z
mn,n
n )
where mi,j is a nonnegative integer. We can show that a large class of such
maps is mixing. We have:
Proposition 2. Let σ be a permutation on the set {1, 2, · · · , n}. Then the
map f : Tk → Tk defined by f(z1, z2, · · · , zk) = (z
m1
σ−1(1), z
m2
σ−1(2), · · · , z
mk
σ−1(k))
where mi ∈ N and mi ≥ 2, for all i, is mixing if gcd{mj |j ∈ σ˜(i)} > 1 for
all i (where σ˜(i) is the orbit of i) or if σ is the identity permutation.
Proof. If f(z1, z2. · · · , xk) = (z
m1
1 , z
m2
2 , · · · , z
mk
k ) then f is the product of
topologically mixing maps and hence, topologically mixing. [1].
Now, suppose gcd{mj |j ∈ σ˜(i)} > 1 for all i.
Notice that f is a continuous endomorphism since it can be viewed as a
product of continuous endomorphism composed with a permutation of co-
ordinates. We will show f is mixing by showing it satisfies the Semigroup
Mixing Criterion.
Let F s = ∪∞i=1F
s
r where F
s
r is defined as it was in the proof of Proposition 1.
Let si = gcd{mj |j ∈ σ˜(i)} and let F = F
s1 × F s2 × · · · × F sk . Note that F
is a dense subset of Tn.
We will now show that for z = (z1, z2, ..., zk) ∈ F , f
n(z1, z2, · · · , zk) → 1.
Observe that
fn(z1, z2, · · · , zk) =
((((
z
m
σ−(n−1)(1)
σ−n(1)
)
···
)m
σ−1(1)
)m1
, · · · ,
(((
z
m
σ−(n−1)(k)
σ−n(k)
)
···
)m
σ−1(k)
)mk)
=
(
z
m
σ−(n−1)(1)
···m
σ−1(1)m1
σ−n(1) , · · · , z
m
σ−(n−1)(k)
···m
σ−1(k)mk
σ−n(k)
)
.
Note that the ith coordinate of the image of
fn(z1, z2, · · · , zk) is z
m
σ−(n−1)(i)
···m
σ−1(i)mi
σ−n(i) . For instance if we let k = 5 and let
σ = (1, 3, 5, 2, 4). Then f(z1, z2, · · · , zk) = (z
m1
4 , z
m2
5 , z
m3
1 , z
m4
2 , z
m5
3 ) and the
2nd coordinate of f 3(z1, z2, · · · , zk) is
((
z
m
σ−2(2)
σ−3(2)
)m
σ−1(2)
)m2 = z1m3m5m2
5
Note that sn
σ−(n)(i)
∣∣ (mσ−(n−1)(i) · · ·mσ−1(i)mi). Since zσ−N (i) ∈ F sσ−N (i) , for
large N the ith coordinate of fN is
z
m
σ−(N−1)(i)
···m
σ−1(i)mi
σ−N (i)
=
(
z
sN
σ−(N)(i)
σ−N (i)
)w
= 1w = 1
for all i, where w is some positive integer. Thus fn → 1 as n→∞.
Now for each n ∈ N define ψn : T
k → Tk by
ψn(z1, · · · , zk) = z
(−mσn(1))···(−mσ(1))
σn(1) , · · · , z
(−mσn(k))···(−mσ(k))
σn(k) .
For instance if we let k = 5 and let σ = (1, 3, 5, 2, 4). Then the 1st coordinate
of ψ3(z1, z2, · · · , zk) is z
(−m
σ3(1))(−mσ2(1))(−mσ(1))
σ3(1) = z2
−m2−m5
−m3
Observe that
since mi > 2 for all i, ψn(z1, · · · , zk)→ 1 as n→∞ and that f
n(ψn(z)) = z
for all z ∈ Tk. Hence f is mixing.
Notice that not all continuous endomorphisms of this form are mixing. For
instance, when mi,j = kj for all i , we get
f(z1, z2, · · · , zn) = (z
k1
1 z
k2
2 · · · z
kn
n , z
k1
1 z
k2
2 · · · z
kn
n , · · · , z
k1
1 z
k2
2 · · · z
kn
n )
The range of f is a subset of the diagonal of Tk (elements of the form
(z, z, · · · , z)). Since the diagonal of Tk is a closed subset, its complement
is and open set which does not intersect the orbit of any element in the
diagonal. Hence T cannot be mixing.
A natural question is whether any polish group supports a mixing endomor-
phism. We show that if the group in question can be written as a countable
infinite product of isomorphic copies of one of its closed subgroups, then the
answer is affirmative. More precisely, we have the following theorem:
Theorem 2. Let G be a metrizable separable topological group and let ϕ :
G→ G be a continuous endomorphism. There exists a continuous endomor-
phism Φ :
∏
∞
i=0G→
∏
∞
i=0G such that
(i) Φ is mixing, and
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(ii) π0 ◦Φ = π ◦ ϕ where π0 :
∏
∞
i=0G→ G is the natural projection to the 0
th
coordinate.
Proof. We will construct the endomorphism Φ and check it is mixing by
verifying it satisfies the Semigroup Mixing Criterion.
Notice if we consider a metric d on G which is bounded by 1, we can define
a metric ρ on
∏
∞
i=0G via
ρ(g, h) =
∞∑
i=0
d(gi, hi)
2i
For each g ∈
∏
∞
i=0G write
g = (g0, g1, g2, · · · ), gi ∈ G,
and define the maps
Φ(g) = (ϕ(g0)g1, g2, g3, · · · )
and
Ψ(g) = (e, g0, g1, g2, · · · )
where e is the identity in G.
It is clear that Φ is a continuous endomorphism on
∏
∞
i=0G with π0◦Φ = π0◦ϕ.
Also, for all g ∈
∏
∞
i=0G, Φ(Ψ(g)) = g and Ψ
ng = e˜ as n → ∞ where
the identity element e˜ of
∏
∞
i=0G is (e, e, e, · · · ). We will now verify that
Φ is mixing. Let H be a dense set in G and consider the subgroup D˜ in∏
∞
i=0G whose elements are of the form (h0, h1, h2, · · · , hk, e, e, e, . . . ) for some
natural k and hi ∈ H . This is clearly dense in
∏
∞
i=0G and for any element
h = (h0, h1, h2, · · · , hk, e, e, e, . . . ) ∈ D˜, we have
Φk(h) =
(
φk(h0)ϕ
k−1(h1) · · ·ϕ(hk−1)hk, e, e, · · ·
)
and
Ψk(Φk(h)) = (e, e, · · · , e︸ ︷︷ ︸
k positions
, φk(h0)φ
k−1(h1) · · ·φ(hk−1)dk, e, e, · · · ).
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and
Notice that
ρ(Ψk(Φk(h)), e˜) =
d(φk(h0)φ
k−1(h1) · · ·φ(hk−1)hk, e)
2k
≤
1
2k
→ 0 as k →∞.
.
Now, consider the set
C˜ = {g(Ψn(Φn(g))−1, g ∈ D˜, n ∈ N}.
Notice that
lim
n→∞
g(Ψn(Φn(g))−1 = g lim
n→∞
(Ψn(Φn(g))−1
= g( lim
n→∞
(Ψn(Φn(g))−1
= ge
= g
which shows that C˜ is dense is G˜.
Also, let c ∈ C˜, so c = g(Ψn(Φn(g))−1 for some g ∈ G˜ and we have
Φn(c) = Φn(g(Ψn(Φn(g))−1)
= Φn(g)(Φn(Ψn(Φn(g))))−1
= Φn(g)e˜(Φn(g))−1
= e˜.
Hence, Φn → e˜ on C˜ and by Theorem, we conclude Φ is mixing.
Theorem 2 in particular shows that every continuous endomorphism of T
(most of which are mixing) has an extension to a mixing endomorphism
of the countable infinite toroidal group, T∞. In fact, every continuous en-
domorphism of Tk (some of which are not mixing) has an extension to a
mixing endomorphism of T∞ since the T∞ is the countable infinite product
of any Tk. Lastly, the theorem shows that every countable infinite product of
a polish semigroup admits a topologically mixing endomorphism, since the
identity map or the trivial map on the semigroup can be extended to mixing
endomorphism on the product.
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3 Future Work
A natural extension of our result would be to characterize all the mixing
maps on the finite and infinite toroidal groups.
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